Currently there are no UXO discrimination techniques based on total-field magnetic sensor data that rely on multipole expansion parameters of higher order than the dipole. In some cases, however, it can be advantages to describe a UXO target with both dipole and quadrupole parameters. In this paper, we examine the properties of the quadrupole moment and illustrate them using a synthetic example with an arbitrary shape. We then define a set of diagnostic parameters of the quadrupole moment for practical interpretation of an observed UXO target. Application to a field data set shows the potential of using the quadrupole moment diagnostics as discrimination criteria.
Introduction
Total-field magnetic sensor measurements have proven to be a viable tool for the discrimination of UXO targets. (Billings, 2002) The current practice recovers the dipole moment of a metallic object and uses the recovered moment to determine the likelihood that a particular target is UXO. (Billings, 2002) The magnetic field of the dipole moment does not always offer the best prediction of the magnetic field of a target. Using the multi-pole expansion method, the magnetic field of a distribution of magnetization may be decomposed into parts produced by different moments such as dipole, quadrupole, octupole, etc. (McFee, 1989) . Recovering parameters related to the quadrupole moment of a UXO target provides more information about a targets shape and orientation.
We show that the quadrupole moment may be represented by three orthogonal axes, each having a magnitude that is a relative measure of asymmetry of the magnetization distribution. The largest axis will align with the direction of maximum asymmetry of a magnetization distribution, thus giving the orientation of an object, while the magnitude of the largest axis is diagnostic of the likelihood that the target is non-UXO. The former characteristic is based on the assumption that UXOs may be described as being axially symmetric and non-UXOs have a high probability of being asymmetric and irregularly shaped.
The additional information that may be provided by a significant quadrupole moment of a target, can offer more discrimination criteria and potentially reduce false-alarm rates in UXO clearance projects.
Forward modeling of total-field magnetic data using the dipole and quadrupole moments Given a magnetized body having a magnetization, Method, the general form of the potential of a 2 n -pole magnetic moment ) (n m αβ is (Panofsky and Phillips, 1956) ( ) ( ) . We note that for magnetic sources, the zero-order moment, or monopole, is zero. Thus the first two terms of the potential are given explicitly by,
The coefficients defined by integrals give the moments of the source distribution, 
, defined by a vector, and the second coefficient is the quadrupole moment, m (2) , defined by a rank-2 tensor.
Approximating the magnetic potential by the dipole and quadrupole fields, we obtain the magnetic induction
where we have used the summation convention. The first term is the dipole field and the second is the quadrupole field.
Properties of the quadrupole moment
It is important to note here that that the quadrupole moment tensor has the property of being symmetric. In addition the magnetic field is sensitive to differences in the values of the diagonal quadrupole components (Panofsky and Phillips, 1956) , therefore only two parameters are needed to characterize all three. This totals to only five independent components to forward model the magnetic field of a quadrupole moment. The complete quadrupole moment is never entirely used and cannot be determined from the magnetic field, so only the necessary components that describe the resulting magnetic field are used. The rest of this paper will refer to the quadrupole moment as a reduced form of its true definition, which has a total of 6 independent components.
For any magnetized object, the dipole moment is non-zero in general. For a uniformly magnetized spheroid, the quadrupole moment vanishes because of the axial and foreaft symmetry (McFee, 1989) . In a general case a UXO will have a relatively small quadrupole moment due only to the fore-aft asymmetry. Billings et al. (2003) attempted to use this property in UXO identification. For non-UXO targets, the magnetization may be distributed arbitrarily and the quadrupole component may become appreciably large.
Identifying the quadrupole moment therefore may be important in discriminating non-UXO from UXO targets.
The quadrupole moment is a 2 nd rank tensor that may be represented by a 3x3 matrix. If we specify the five components necessary for a given magnetic field with the following notation, ( ) n m for n=1,2,3,4,5, the complete 3x3 matrix can take on the form, 
where, . Note that this form of the quadrupole moment is traceless. The representation uses a right-handed coordinate system, with the z-axis pointing down, x-axis pointing to the north, and the y-axis pointing east.
An important property of the quadrupole moment when in this matrix form is that the eigenvalues and eigenvectors describe three principal axes that are orthogonal vectors in 3D space. The eigenvectors are unit vectors pointing in the direction of each axis and the eigenvalues specify the magnitudes of each principal component. Therefore, the quadrupole moment may be described by specifying the principal component magnitudes along with an orientation of axes. This concept offers a tangible physical explanation of a quadrupole source that is analogous to the dipole moment's vector representation.
Forward modeling the total-field magnetic anomaly of a quadrupole moment is now represented using the easily visualized representations of the quadrupole moment and the resulting observation field. Figure 1 offers an example of visualizing the quadrupole moment. The use of isosurfaces shows the shape and complexity of the field and in this example the vertical component of the magnetic field is shown since the field is projected onto the z-axis. This example also shows the principal axes of the quadrupole aligned with our reference coordinate system; therefore all off-diagonal components are zero.
The principal axes of the quadrupole moment have important connections to distributions of magnetization. The major principal axis aligns with the axis of maximum asymmetry or the direction where there is the largest imbalance of magnetization about the centroid of the magnetization distribution. For magnetization distributions that are uniform, such as in UXO-like and axially symmetric objects the major axis will give the orientation (i.e., inclination and declination) of the object. Figure 2 offers an example of an arbitrarily shaped prism model and the corresponding quadrupole principal axis orientation. The example has uniform magnetization and is 2-D, with a thickness of 0.05 m. Although this example does not model any specific realistic object, it is a useful example for understanding the quadrupole moment and its magnetic field. Figure 3 shows the forward modeled total-field response due to the prism model in Figure 2 . Also shown are the separate responses for the dipole, quadrupole, and higher ordered moments. It is encouraging that the quadrupole response is approximately 10% of the dipole response for this model. Figure 1 Visualization of a quadrupole source and the resulting observed total-field anomaly. The left plot shows a principal axes representation of the quadrupole moment that may also be specified by the 3x3 matrix above the plot. The black, red, and blue axes represent the major and minor axes. The right plot describes the resulting total-field anomaly that would be measured at-the-pole. This plot combines three individual surfaces. The red and blue surfaces are positive and negative 40 nT iso-surfaces respectively. An iso-surface is analogous to a single contour line on a 2-D map. The iso-surfaces are truncated by a transparent observation surface, that is representative of the total-field that is measured in the field. Figure 2 Visualization of the connection between a distribution of magnetized prisms and the corresponding quadrupole principal axes. The prism model is uniformly magnetized and 0.05m thick and 0.01m on each side and exists only in the x-y plane. These models are not representative of any actual object and serve only to illustrate the ideas discussed in this paper. Figure 3 Plots showing the forward modeled total-field magnetic data due to a arbitrary-shaped model. From left to right starting at the top, are a plot of the prism model, and plots of the total-field responses for: the entire model, the dipole moment, the quadrupole moment, and higherorder moments. This field is calculated at an inclination of 60º and a declination of 0º. The depth to the top of the prisms is 0.5m. The object has a magnetization of 200 A/m and a volume of 5x10 -6 m 3 .
Diagnostic parameters of the quadrupole moment
To ease the interpretation of quadrupole parameters recovered from total-field anomalies over UXO targets, the independent parameters, m (n) , can be converted into diagnostic parameters that are more practical for immediate interpretation. Here we use an approach that follows the ideas presented earlier regarding the principal axes of the quadrupole moment.
Given a set of quadrupole parameters, m (n) , recovered from a target, we may construct a quadrupole tensor matrix using equation (5). The eigenvalues and eigenvectors are computed for the matrix. The resulting eigenvalues may then be ranked, using a convenient convention such as, from largest to smallest valued with the values being assigned to the x-axis, y-axis, and z-axis of the principal axes coordinate system respectively.
Recalling that equation (5) forces a recovered quadrupole tensor to be traceless, the eigenvalues will add to zero as well. Consequently we have chosen to convert the three eigenvalues to two diagnostic parameters that we label the quadrupole magnitude and asymmetry parameter. The quadrupole magnitude takes on the value λ x and the asymmetry parameter is defined as,
The orientation of an arbitrary quadrupole source may be described in terms of a rotation of the principal axes coordinate system from some reference coordinate system of our observations. These rotations may be parameterized using three Euler angles,α i for i=1,2,3. A zyx-convention for the rotations is convenient for determining the direction of the x-axis in the observation coordinate system. The zyxconvention is a series of three rotations about the z-axis (CC), y-axis (CW), and x-axis (CC). In this convention α 1 gives the declination of the x-axis, α 2 gives the inclination, and α 3 gives a rotation of the minor axes about the x-axis. These angles are determined directly from the eigenvectors corresponding to each of the principal axes. The Euler angles offer an easy and understandable way to refer to the orientation of a quadrupole source.
The quadrupole tensor can now be parameterized by five new independent parameters, the quadrupole magnitude, η, and three Euler angles.
The orientation of the principal axes may also be used to form diagnostic parameters. They are described as, • Quadrupole angle -the angle between the earth's magnetic field and the quadrupole major principal axis.
• Quadrupole-dipole angle -the angle between the recovered dipole vector and the quadrupole major principal axis. Figure 4 Plot of quadrupole angle vs quadrupole-dipole angle. UXO and non-UXO items are plotted with blue and red circles respectively. There is a noticeable separation of UXO and non-UXO items in this plot that suggest some discrimination power of quadrupole diagnostic parameters.
Field example
As an example, Figure 4 offers some preliminary results of recovered quadrupole moment parameters. The total-field data are collected at the former Fort Ord in California. A nonlinear parameter estimation procedure was used to recover dipole and quadrupole parameters for each anomaly. The recovered parameters were converted to the diagnostic orientation parameters discussed earlier. The cross-plot in Figure 4 suggests the proposed diagnostic parameter have some discrimination capability since the UXO and non-UXO items are separated into different regions to some extent. Further work is required for developing robust inversion algorithms to reliably estimate quadrupole moments and to establish criteria for discrimination using multiple diagnostic parameters.
Discussion
The addition of the quadrupole moment as a discrimination tool provides additional information related to the shape and orientation of metallic objects, thus has the potential for improving upon the current discrimination method based on dipole moment only. Due to the weak response of the quadrupole moment, these capabilities are limited to items that are relatively large. Preliminary results show that quadrupole moment diagnostic is a useful identifier of nonUXOs.
